In this letter, we propose a general real-space method for the generation of nonparaxial accelerating beams with arbitrary predefined convex trajectories. Our results lead to closed-form expressions for the required phase at the input plane. We present such closed-form results for a variety of caustic curves: besides circular, elliptic, and parabolic, we find for the first time general power-law and exponential trajectories. Furthermore, by changing the initial amplitude we can design different intensity profiles along the caustic.
Since 2007, when exponentially truncated Airy beams were predicted [1] and observed [2] , the study of accelerating waves has attracted a lot of attention (see for example the recent review article [3] ). Such accelerating Airy waves follow parabolic caustic trajectories and were first predicted in the context of quantum mechanics [4] . Furthermore accelerating beams with trajectories different than parabolic have been found [5] [6] [7] . The interest in accelerating waves is triggered by several associated applications including filamentation [8] , particle manipulation [9, 10] , micromachining [11] , and Airy plasmons [12] [13] [14] . In higher dimensions the radial caustic collapse of an accelerating beam generates a focusing effect abrupter as compared to the Lorenzian distribution of a lens focused Gaussian beam [15] . Such abruptly autofocusing waves have found applications in generating ablation spots [16] as well as in particle manipulation [10] . Besides optics, curved and accelerated waves have been considered in different settings such as in electron beams [17] , in matter waves [18] , and in antenna arrays [19] . In addition to caustic beams, Bessel-like beams can be made to bend along arbitrary trajectories [20, 21] .
In the nonparaxial regime caustic beams offer the advantage of bending at large angles. In this respect, accelerating beams following circular trajectories that can bend up to an almost 90
• angle have been demonstrated [22, 23] . Such beams with elliptic and parabolic trajectories have also been found [24] [25] [26] . Nonparaxial accelerating beams following arbitrary trajectories have been observed in [27] by numerically determining the Fourier space phase profile and in [28] using plasmonics. Nonparaxial Bessel-like beams generated due to the presence of an extended focus, rather than a caustic, following arbitrary trajectories have been proposed [29] .
In this work we propose a general real-space method for the generation of nonparaxial caustic accelerating beams that follow arbitrary predefined convex trajectories. More importantly, we present specific classes of trajectories where the phase is computed in closed form. Specifically, we analytically compute the initial phase profile required for nonparaxial accelerating beams following not only circular, elliptic, and parabolic (which * Corresponding author: nefrem@uoc.gr are described in terms of known functions) but also for the first time for general power-law and exponential trajectories. By changing the initial amplitude profile we can generate accelerating beams with an intensity profile that is more uniform along the caustic or more intense in different locations of the trajectory.
Let us consider the propagation of a monochromatic optical wave in a homogeneous isotropic medium with refractive index n. The divergence condition ∇ · E = 0 is satisfied by choosing the electric field to be polarized along the y-direction and to depend only on the transverse coordinate x and the propagation coordinate z as E =ŷψ(x, z)e −iωt . Then the optical field amplitude satisfies the Helmholtz equation in two dimensions
where k = nω/c = 2π/λ and ∇ 2 = ∂ is a Hankel function, and r = |r| = (x − ξ) 2 + z 2 . Utilizing the asymptotic form H (1) 0 (kr) ∼ 2/(πkr)e i(kr−π/4) and applying the stationary phase approximation we obtain the ray equation x = ξ + rφ ξ (ξ)/k which after some calculations becomes
where
is the dispersion relation as obtained by selecting the first quadrant from k
Applying the implicit function theorem on Eq. (2) we derive the caustic trajectory of the beam as 1 = zk ′′ z (φ ξ (ξ))φ ξξ (ξ).We would like to generate a nonparaxial accelerating beam following a predefined convex trajectory of the form x c = f (z c ). Noting that the rays should be tangent to the trajectory, we obtain the following relation between the beam trajectory and the initial phase of the beam
where the function
Utilizing (4) we can compute φ ξ (ξ), from which the initial phase φ(ξ) is derived by direct integration. This procedure can be implemented either analytically or numerically, depending on the choice of the function f (z c ). In the following paragraphs we are going to apply this method to particular classes of trajectories in which the calculations are carried out analytically leading to closed-form expressions for the phase.
As a first example, let us consider nonparaxial accelerating beams following circular trajectories [22, 23] . Rather than choosing a Bessel function as initial condition, our method provides analytic expressions for the phase, allowing us to arbitrarily choose the amplitude function to amplify or suppress the intensity profile along specific parts of the trajectory. Selecting the first quadrant of the circle
c , where R is the caustic radius. The relation between the transverse coordinate at the input plane and z c is then given by
Combining Eqs. (3), (4) and (6) we find that φ ξ (ξ) = k x (ξ) = ±k ξ 2 − R 2 /ξ. Finally, integrating the above equation, we obtain the following expression for the initial phase
The initial field amplitude is taken to be A(ξ) = 0 for 0 < ξ < R and A(ξ) = ξ −γ for ξ ≥ R, where γ > 0. Typical examples of accelerating beams with circular trajectories are shown in Fig. 1 . The simulation results are obtained by numerically solving Eq. (1) . Note that in all the figures the coordinates x, z are scaled according to the wavelength λ. The effect of the choice of the initial amplitude function is presented in the top row; By changing γ, we utilize the fact that rays emerging from smaller ξ contribute to earlier stages of the caustic trajectory (smaller values of the z c ) making the caustic more prominent at different locations. Specifically, in Fig. 1 (a) γ = 1/4 and the caustic is stronger for polar angles close to θ = π/2. In Fig. 1(c) , γ = 5 and the caustic is more intense closer to the initial plane. For intermediate values of γ the caustic focuses in between as shown in Fig. 1(b) for γ = 1. By engineering the initial envelope, the caustic remains quasi-invariant to an almost 90 o arc as shown Fig. 1(d) . The effect of the size on the beam trajectory is shown in Figs. 1(e)-(f) where the circle radius is reduced to R = 14λ and R = 7λ respectively. We note that, due to the generation of evanescent waves, the beam gets more distorted as the radius becomes smaller.
Let us now consider accelerating beams following elliptic trajectories [24] [25] [26] of the form
Following the above described procedure we analytically computed the initial phase of the beam
where u(x) = x/(R √ τ ), τ = 1 − α 2 , and E(φ|m) is the elliptic integral of the second kind for α < 1 and
where u(x) = x/(R √ −τ ), for α > 1. Typical examples of elliptic beam trajectories are shown in Fig. 2 . Specifically, in the upper panel the caustics are constructed from rays launched from the major axis (α > R) of the ellipse, while in the lower panel the rays are launched from the minor axis (α < R) of the ellipse. The input wave envelope, A(ξ) has the same expression as in the circular trajectory case. By changing the parameters of the amplitude function we generate in the three columns beams that are stronger in the earlier, the intermediate, and the later stages of the caustic, respectively. Such a flexibility might be useful for specific applications, such as micromachining and particle manipulation.
Let us now consider general power-law trajectories of the form
where α > 0 and β > 1. Following the relevant calculations we find that the input phase profile is given by 
whereα = αλ β−1 is a dimensionless parameter. The upper panel of Fig. 3 depicts the amplitude profile of a power law beam trajectory with exponent β = 3/2 for different values of the scaling parameterα that affects the acceleration of the trajectory. As one can see, the beam amplitude is quite uniform along the caustic irrespectively of the value ofα. In the middle panel of Fig. 3 beams with cubic trajectories (β = 3) are shown. In Fig. 3(e) we modify the amplitude function as compared to Fig. 3(d) resulting to a more intense caustic for larger values of z. In Fig 3(f) we change the scaling factorα resulting to increased transverse acceleration. In the bottom panel of Fig. 3 accelerating trajectories with a larger exponent β = 5 are presented. The presence of a "knee" in this case makes the intensity along the caustic trajectory less uniform and more intense around the "knee". This happens due to the large amount of rays that contribute to the caustic around the "knee". In Fig. 3(h) we modify the initial amplitude profile as compared to Fig. 3(g) resulting to a more uniform profile around the caustic after the "knee". In Fig. 3(i) we changeα and thus the acceleration is increased.
Finally, we apply the presented methodology for generating beams that follow exponential trajectories having the form
We note that x c (z = 0) = x 0 e −βz0 = α and thus we should initially excite rays with ξ < α. We select an initial amplitude profile A(ξ) = (α + δ − ξ) −γ for ξ ≤ α and A(ξ) = 0 for ξ > α. Following the relevant calculations we compute the derivative of the initial phase
where W is the Lambert W function, ζ = −ξ/(αe), and e is the Euler's number. Integrating the above equation, we find the initial phase profile:
In the upper panel of Fig. 4 accelerating exponential trajectories with different exponents are shown. As the exponent increases, the acceleration increases and the beam bends faster. In the lower panel of Fig. 4 we use different amplitude truncations leading to a caustic trajectory that is more intense in the beginning the intermediate or the later stages, respectively.
Finally, let us point out that in all the figures one can see that the numerically obtained beam trajectories are in agreement with the expected geometrical curves (dashed white-black lines) [given by Eqs.(5), (8) , (11) and (14)].
In conclusion, in this letter we proposed a real-space method for generating nonparaxial accelerating caustics with arbitrary trajectories. We utilized the method for finding, in closed-form, the required initial phase for generating accelerating beams following circular, elliptical, and for the first time general power-law and exponential trajectories. We would like to point out that similar methods can be applied to different nonparaxial settings, for example, for generating vector caustics [30] or for designing different classes of nonparaxial trajectories [31] .
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